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The class of y-complete hypergroups and y-cyclic hypergroups is introduced. Several
properties and examples are found.
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1. INTRODUCTION

In this article we use the definition of hypergroup introduced by Marty (1934).
Let H be a hypergroup and % be the set of all finite products of elements of H. The
relation f is defined on H as follows:

xPy if and only if {x,y} Cu  for some u € U.

The relation f was introduced on hypergroups by Koskas (1970) and was studied
mainly by Corsini (1993) and Vougiouklis (1994). The fundamental relation S* is the
smallest equivalence relation on H such that H/f*, the set of all equivalence classes,
is a group. Freni (1991) proved that in hypergroups, the relation f§ is transitive
and p* = f. Using the relation 3, Migliorato (1994) defined the notion of complete
hypergroups. Cyclic hypergroups already considered at the begining of the theory’s
history (Wall, 1937) have been later on studied in depth by Vougiouklis (1981) and
afterwards by Konguetsof et al. (1986) and Leoreanu (2000). Cyclic hypergroups
are important not only in the sphere of finitely generated hypergroups but also
for interesting combinatorial implications. Let ¢ : H — H/f* be the canonical
projection. A hypergroup H is called cyclic with a generator x if ¢p(H) is a cyclic
group generated by ¢(x).

Recently, Freni (2002) introduced the relation y as a generalization of the
relation f. If H is a hypergroup, then y* denotes the transitive closure of the relation
7 = U,=1 Vu» Where v, is the diagonal relation and for every integer n > 1, y, is the
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relation defined as follows:
xy,y < 3I(z;, 29, ---,2,) € H", JoeS,:xe Hzi, y € Hza(i),
i=1 i=1

where S, is the symmetric group of order n. Freni proved that y* is the smallest strongly
regular equivalence relation (cf. Freni, 2002, Theorem 1.1) such that H/y* is an
Abelian group (cf. Freni, 2002, Corollary 1.2). Also, he determined some necessary and
sufficient conditions so that the relation y is transitive (cf. Freni, 2002, Theorem 2.3).
Using the relation y we shall introduce in section 3 the y-closure of a subset A
and we study the properties of C,(A), where C,(A) is the intersection of all y-parts
containing A. In Section 4, we introduce the y-complete semi-hypergroups. A semi-
hypergroup H is y-complete if satisfies one of the equivalent conditions:

(1) Y(x,y) € Hj, Yo €'Sy,Va € x,1) 0 Vo0 : C,(@) = X,(1) © Vo025
(2) ¥(x,y) e H*,Yo €S, : C"/('xa(l) o ya(Z)) = Xa(1) © Vo(2)5
(3) Y(m,n)eN*,2<m,n,¥(x|,...,x,) EH" YNy, ..., y,) EH",V(5,7) €S, X S,,:

n m n m
[T N[ Ty # 9 = [ 1% = [ 1y
j=1 i=1 j=1

i=1

We shall introduce the y-cyclic hypergroup in Section 5. A hypergroup H is a
y-cyclic hypergroup with a generator x if H/y* is a cyclic group generated by ¢, (x),
where ¢, : H — H/y* is the canonical projection. In Section 5, we show that every
y-cyclic and y-complete hypergroup is commutative.

2. NOTATIONS AND PRELIMINARIES

A semi-hypergroup (H,o) is a nonempty set H equipped with a hyper-
operation o, that is a map o: H x H —> p*(H), where p*(H) denotes the family
of all nonempty subsets of H, and for all (x,y,z) € H® : xo(yoz) = (xoy)oz. A
semi-hypergroup H is said to be a hypergroup if for every a€e H:aoH=Hoa =
H. In the above definitions, if A, B € p*(H), then we mean A ©® B by

AOB= U aob.

acA,beB

Let (H, o) be a hypergroup and R C H x H an equivalence relation. If {A, B} C
§*(H) then we set:

ARB < aRb, VNacA, VbeB.

If (H, o) is a semi-hypergroup, the relation R is said to be strongly right-regular (resp.
left-regular) if

ny:>xoa§yoa

(resp. xRy = aox%aoy),
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for all (x, y, a) € H>. Moreover, R is called strongly regular if it is strongly regular
to the right and to the left.

For every n € N, we shall write (ff), to denote the transitive closure of
the relation (B,), define as follows: V(x, y) € H?, x(B,)yy <= 321> 25, ..., 2,) € H"
such that {x, y} € [, z;. Moreover, one puts (f5,)y = {(x,x) |x € H} and (f), =
U,en(B)n- We always use o to show the transitive closure of o and it is known
that in every hypergroup f, = f5, see Freni (2002). When it is understood which
hypergroup is being considered f, f5,, and f* will be written in place of (8),, (5,)4.
and (), respectively. In general, if R is an equivalence relation on a set A, then
for every S € p*(A), we shall put R(S) = U,cs R(x).

Given a hypergroup H, a quotient H/R of H modulo an regular equivalence
relation R becomes a hypergroup under the following hyperoperation:

Y(x,y) € (H/R)*, x®y={Z|zexoy}.

If R is a strongly regular equivalence on H, then H/R is a group (cf. Corsini, 1993,
Theorem 31). We recall that f is the smallest strongly regular equivalence on H
(cf. Corsini, 1993, Theorem 12). Let ¢ : H — H/f§ be the canonical projection,
the heart of H is the set wy, = ¢_1(1H/ﬁ)' One of the most important notions in
hypergroup theory is the heart of a hypergroup. The knowledge of this concept gives
information on the structure of the hypergroup H and in some cases determines
completely.

Complete parts, introduced and studied for the first time by Koskas (1970)
were subsequently analyzed by Corsini (1993). Let A be a part of a semi-hypergroup
H, it means A is subset of H, A is called complete if the following implication is valid:

VneN, V(x,...,x,) €H", [[xNA#0=]]x < A.

i=1 i=1

Let A be a nonempty part of H. The intersection of the parts of H which are
complete and contain A is called the complete closure of A in H; it will be denoted
by C(A). A semi-hypergroup H is complete (Migliorato, 1994), if it satisfies one of
the following conditions:

(1) Y(x,y) € H*,Ya € xo0y, C(a) = x o y;
(2) ¥(x,y) € H*,C(xoy) = xo0;
(3) Y(m,n) e N2, 2 <m,n,¥(xy,...,x,) € H',Y(y,,...,y,) € H",

n m n m
[Txn[]y;#9=[1x=[1»-
=1 =1

i=1 i=1

A hypergroup H is called cyclic hypergroup with generator x (Wall, 1937) if
¢(H) is a cyclic group generated by ¢(x). An element y in a hypergroup H is
called periodical of period n if x" C w, and write cycle(y) = n, where wy, is the
heart of hypergroup H and n = min{k € N |x* C wy,}. We will write p(x) =n. A
semi-hypergroup H is called cyclic (Wall, 1937) if there exists » € H such that for
every x € H, there exists n € IN such that x € h". We call h the s-generator of H.
A hypergroup H is called s-cyclic if it is a cyclic semi-hypergroup. If H is a cyclic
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semi-hypergroup s-generated from /4 and a € H, we call the cyclicly of the integer
m =min{g € N* — {1} | a € h?}. We will write cycle(a) = m.

We recall the following definition from Freni (2002). If H is a semi-
hypergroup, then we set: y; = {(x, x) | x € H} and for every integer n > 1,

n n
xy,y <= 3z, 25,...,2,) €H",  JoeS,:xe[]zand ye[]z,.
i=1 i=1

Obviously, for every n > 1, the relation y, is symmetric and the relation
7= U1 7, 1s reflexive and symmetric. Let y* be the transitive closure of y. The
relation y* is a strongly regular equivalence relation (cf. Freni, 2002, Theorem 1.1),
and if H is a hypergroup, then y = y* (cf. Freni, 2002 Theorem 3.3) and H/y* is an
Abelian group (cf. Freni, 2002, Corollary 1.2).

Let M be a nonempty subset of a semi-hypergroup H, we say that M is a y-part
of H (Freni, 2002), if for every n € N*, for every (z;, 25, .- ., z,) € H" and for every
o €S,, we have

n’

[TaenM#£0 = [z, M

i=1 i=1

Let ¢ : H— H/y* be the canonical projection. D(H) is called derived hypergroup
and we have D(H) = ¢~ (1 nyy+) (cf. Freni, 2002, Theorem 3.1). We also have for
every nonempty subset M of hypergroup H, ¢~'(¢p(M)) = D(H) © M = M © D(H)
(cf. Freni, 2002, Theorem 3.2).

An element e € H is called an identity if a € eoaNaoe for all a € H. An
element x’ is called an inverse of x if an identity e exists such that e € x o X’ N x’ 0 x.
An element u of a hypergroup H is called a scalar identity if u o x = x o u = singleton
set for all x € H.

A hypergroup H is regular if it has at least one identity and every elements
have at least one inverse. If H is regular, for every a € H, we denote i(x) the set
of the inverses of x. A regular hypergroup is said to be reversible, if it satisfies the
following conditions:

Y(a,b,x) e H* :acbox = 3x ci(x):becaoX,
aexob=— " €i(x):bex"oa.
A commutative reversible hypergroup is called canonical if it has a scaler identity
and every element has a unique inverse (cf. Corsini, 1993, Definition 165). A

commutative reversible hypergroup is called feebly canonical (cf. Corsini, 1993,
Definition 227) if

Y(a,x) € H*, Y{u,v} Ci(x), uoa=voada. (2.1)

3. y-CLOSURE PARTS OF HYPERGROUPS

We begin with some properties of y-parts of hypergroups which are valid in
every hypergroups. We suppose that H = (H, o) is a hypergroup and ¢, : H —
H/vy* is the canonical projection.
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Definition 3.1. Let A be a nonempty subset of H. The intersection of y-parts H
which contain A is called y-closure of A in H. It will be denoted C,(A).

Theorem 3.2. Let A be a nonempty subset of H. We pose
G,(A) = A,

P P
G,.1(A) = {x|£|pe]N,Ei(h1,...,h ) eH”,EIo—eSp:xe]_[ha(i),]_[hiﬂGn;é@},

i=1 i=1

G(A) == |J G, (A).

1<n
Then G(A) = C,(A).

Proof. 1t is necessary to prove:

(1) G(A) is a y-part of H;
(i) If A € B and B is a y-part of H then G(A) C B.

Therefore,

(i) Let [T, x, N G(A) # @ then there exists n € N such that [[7_, x, N G,(A) # ¥.
For every o € S, and y € [[_, x, we have y € G, ,(A) and [[, x,; € G(A),
and so G(A) is a y-part of H;

(i) We have A = G,(A) € B. Suppose that B is a y-part of H and G,(A) C B.
We prove that this implies G, (A) € B. For every z € G, (A) there exist p €
N, (x;,...,x,) € H” and o € S, such that z € [, x,). [T, x; N G,(A) # @.

i=1"i

G,(A) € B thus [T, x; " B # @ hence z € [, x,;, € B and so G,,,(A) C B.

Lemma 3.3. We have:

(i) Vn>2,¥x € H, G,(G,(x)) = G4, (x);
(i) x € G,(y) & y € G,(x).

Proof. (i)
G,(G,(x))
P P
= {zIEIpe]N,EI(h],...,h)EHP,EIGESP:zel_[ha(,-),]_[h,ﬂquéVJ}=G3.
i=1 i=1

We now shall proceed by induction: Suppose that G,_,(G,(x)) = G, (x), then

Gn(GZ):
P p
- {zlEIp €N,3(hy,....h,) e H",Fo €S,z € [[ ho). [[ 1N G, 1(Gy(x)) # @}
i=1 i=1
P P
= {Z|ElpeN,El(hl,...,h,,)eH”,EIaeS,,:ze]_[hg(i),]_[h,ﬂG”;éQ)}
i=1 i=1

= Gn+l ('x)
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(i) We prove the affirmation by induction. It is clear that x € G,(y) & y €
G,(x). Suppose that x € G,_(y) & y€ G,_;(x). Let x € G,(y), then there exist
geN, (a,,. ..,aq) € H? and ¢ € S, such that

q n
X € Haa(i)’ Hai NG, (y) #9,

i=1 i=1
and thus there exists v € []_, a, N G,_, (y). Therefore, by choosing ¢ = 1 the identity
map, v € G,(x) is obtained. From v € G,_,(y) we have y € G,_,(G,(x)) = G, (x).
O
Theorem 3.4. The relation xGy < x € G({y}) is an equivalence.
Proof. We write C,(x) instead of C,({x}). G is clearly reflexive. Now, let xGy and
yGz. If P is a y-part of H and z € P, then C,(z) € P,y € P and consequently x €
C,(y) € P. For this reason x € C,(z) that is xGz. The symmetrically of G follows in
a direct way from the preceding lemma. O

Theorem 3.5. V(x,y) € H? one gets xGy < x)*y.

Proof. Let xyy thus:
IneN:xyy=3z,....2,) €eH", Fo €S, :x e[|z, y € [[ 2,0
i=1 i=1

We have [T, z; N {x} # ¥, so
x € Gy(y) = x € C,(y) = xGy =y C G.
Since G is an equivalence relation, then y* C G.

Conversely, if xGy, then there exists n € N such that x € G, ,(y), from this it
follows that Im € N, 3(z}, ..., z)) e H", 35! € S,

X € Hzll(i)’ HZ: NG,(y) #9,
i=1 i=1

thus x; € [T,z N G,(y). Therefore xyx, and x, € G,(y), and so there exist
reN, (z3,...,7%) € H', 0 € S, such that

X € Hz(zrz(i)’ HZ? NG, (y) #0 = 3x, € HZ? NG, 1 (y) = x7x,.
i=1 i=1 i=1

So as a consequence, one obtains
dx, € HZZN(I') NG, (-n(y) = x, € G(y) ={y} = x, =V,
i=1

and so xyx, ...yx, = y. Therefore G C y*. O
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Theorem 3.6. If B is a nonempty subset of H, one has C,(B) = U,z C,(b).

Proof. 1t is clear for every b € B, C,(b) € C,(B), because every y-part containing
B contains {b}, therefore (.5 C,(b) S C,(B). To prove the converse recall that
C,(B) = U<, G,(B) by Theorem 3.2. We shall prove theorem by induction on n.
Let n = 1 then by Theorem 3.2, we have

Gi(B)=8=U{p} =G\

beB beB

Suppose that the statement holds for n, that is, G,(B) C U, G,(b) and
we shall prove that G, (B) € Upep G, (0). If z€ G, (B), then there exist
geN, (x,,...,x,) € HY, g € §, such that

q q
VS Hx,,(l-), l_[xl- n Gn(B) 7é @,

i=1 i=1

by induction [T, x; N (Uyes G, (b)) # ¥, hence there exists b’ € B such that [TL, x; N
G,(b') #9. Since ze[[_, x,;, one gets z€ G,,,(b') and so one has proven
Gn+1(B) < UbeB Gn+l(b)' Therefore C,(B) - UbeB C,'(b) u

Corollary 3.7. If A is a y-part of H, then A® B, BO A are y-parts of H for every
B € p*(H).

Proof. We have C,(A©B) = AO BOD(H)=AG D(H)©B=C,(A)OB=A 0O B.
O

Corollary 3.8. Let A € p*(H), then A is a y-part of H if and only if A ® D(H) = A.
Proof. We have C,(A) = A© D(H) = A. O
Corollary 3.9. If A € p*(H), one has D(H) © A = A ®© D(H) = C,(A).
Corollary 3.10. D(H) is a y-part of H.
4. y-COMPLETE HYPERGROUPS

We assume that ¢, : H — H/vy* is the canonical projection.

Theorem 4.1. Let H be a semi-hypergroup, the following conditions are equivalent:

(1) V(x,y) € Hi’ Vo € S,,Va € (X, 0 ¥,0)) : C,(@) = X,(1) © Yo2)5
(11) Y(x,y) € H*,Yg €S, : C, (x5 © )’a(z)) = Xs(1) © Vo(2)>
(iti) Y(m,n) e N2 ,2<m,n,V(x,,...,x,) €EH" Y, ...,y,) €H",¥Y(5,7) €S, xS,,
the following implication is valid:

ng(i) N l_[yr(i) #V = on(i) = nyr(i)'
i=1 i=1 i=1 i=1
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Proof. By Theorem 3.6, we have:

(1) = (1) C,(x,01)0Y50) = Uaexg(l)oyg(z) C,(a) = x,(1y © Yo(2)-

’ (ii)) = (1) From a € x,() 0 ¥, follows C,(a) C C,(x,1) © Y,2) = X,(1) © Vo2
since one has C,(a) N (x,q) 0 Y,2) # ¥, then x,) 0y, € C,(a) and so C,(a) =
Xe(1) © Vo(2)-

(ii) = (i) From [T, x,) NI, ) # ¥ follows that a € [T, y,; exists

such that [T, X, € vy 0 a S T, v and so [T2Z yey = TTizy Xo0)-
. (ii1) = (ii) Frnom (1it) tnEle following implicatiorzl is valid: []L, x,(; n
ni:l yr(i) ;é Q) — Hi:l xa(i) = 1_[1':1 y’[(i)' Thus V(a, b) S H N Yo S SZ . ao(l) [e] bU(Z) 1S
y-part. O

Definition 4.2. A semi-hypergroup H is called y-complete if it satisfies one of the
equivalent condition of the preceding theorem.

Corollary 4.3. Let H be a commutative hypergroup, then H is a y-complete
hypergroup if and only if H is a complete hypergroup.

Theorem 4.4. [f H is a y-complete semi-hypergroup and x € H/y* is a member of
quotient H/y* modulo a relation y*, then either there exist (a, b) € H?, ¢ € S, such that

7H(x) = g1y © bo’(Z) or y*(x) = {x}.

Proof. 1t is enough to see that for Theorem 4.1, each product is a class of
equivalence. |

Theorem 4.5. If H is a y-complete hypergroup, Nx € H/y there exist (a, b) € H?,
6 € S, such that x = a,g o X,0).

Proof. 1t follows immediately from the preceding theorem and Theorem 4.1 in
Freni (2002). |

Theorem 4.6. Let H be a y-complete hypergroup; then:
(1) D(H) is the set of two-side identities of H;

(i) H is regular and reversible.

Proof. By Corollary 3.9 and Theorem 4.1 we have:

() If u € D(H), then Ya € H,aou = ao D(H) = C,(a);
(ii) Let (a,e,a') € H’, 0 € S, be such that e € al, ;) o a,(,). Then from reflexivity of
D(H) we haVe aa(]) o a;(Z) = D(H). D

Definition 4.7 A hypergroup H is said y-flar if for every subhypergroup K of H,
one has D(K) = D(H)N K.

Theorem 4.8. Every y-complete hypergroup is y-flat.
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Proof. Let H be a y-complete hypergroup and K a sub-hypergroup of H, then
we have D(H)NK ={e€ K|Vx € H,x € eoxNxoe} C D(K). Furthermore, if y,
is the restriction of y on K, then

y € CX(x) <= yypx = yypx = y € CJ' (x) = Cf(x) € () (x).

It is clear that DH)NK #¢@. If xe D(H)NK C D(K) one has Cf(x) =
D(K), C/'(x) = D(H), and so D(K) C D(H). Therefore, D(K) € D(H) N K. O

Theorem 4.9. Let S be a sub semi-hypergroup of a y-complete hypergroup H
such that SN D(H) # @, then D(H) C S. If K is a subhypergroup of H, one has

D(K) = D(H).

Proof. If x € SN D(H), then xox C SN D(H), but for ¢ =1 one has xox =
C,(x o x) = D(H), from this follows D(H) € § N D(H) that is D(H) C S.

If K is a subhypergroup, since D(H) N K # {, one has D(H) € K and then
from the preceding theorem one deduces D(H) = D(K). O

5. y-CYCLIC HYPERGROUPS

Definition 5.1. A hypergroup H is said to be y-cyclic with a generator x if H/y is
a cyclic group generated by ¢, (x).

Definition 5.2. An element x of hypergroup H is called y-periodical of y-period n
if x" € D(H) and n = min{k € N |x" C D(H)}. We write P,(x) = n.

Corollary 5.3. Let H be a commutative hypergroup, then H is a cyclic hypergroup if
and only if H is a y-cyclic hypergroup.

Theorem 5.4. Let H be a hypergroup and x € H an element of y-period n then:

(i) Y(s.1) € {1,2,....n}* with s # 1, one has C,(x*) N C,(x") # ¥;
(ii) Ym > n there exists r € {1,2, ..., n} such that C (x") = C,(x").

Proof. (i) We suppose absurd u € C,(x*) N C,(x'), by Freni (2002, Theorem 3.2)
and Theorem 3.6 we have ¢(x*) = C (u) = C,(x"), from which ¢(x*) = ¢(x') and
therefore if s> 1, p(x*") = dp(x)P(x") = 1, thus x*" € D(H) and P,(x) <s—1,
against the hypothesis.

(i) By a divided algorithm, let ¢, r be such that m = gn + r with 0 < r < n,
if 0 < r one has ¢(x™) = ((x")")p(x") = ¢(x"), therefore C (x™) = C,(x"). If r=0,
then ¢(x™) = ¢((x")?) = 1 from which x” € D(H) and for this reason C,(x") =
D(H) = C,(x"). O

Theorem 5.5. Let H be a hypergroup and x € H an element of y-period n and
let {{x}) be the smallest y-complete subhypergroups that contain {x} then {{x}) =
@D;_, C,(x"), where ® denotes a union of disjoint sets C,(x") for r=1,...,n.
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Proof. 1t is enough to show that for every y € ({x}) there exists m € N such
that y € C,(x"). Let y € ({x}) = C,(G,,) for some G,,, then r € G, exists such that
y e C\t),t € G, implies that ¢,...,t, and ¢ € §,, exist such that x € [T_, , and
t € [T 1, therefore ¢y (2)), ..., ¢y(1,) = ¢u(y) since by Corollary 3.10 we have
G, € D(H).

On the other hand, Vi, ¢,(t,) = ¢py(x) or ¢u(t) = (¢py(x))~!, from this
it follows that h € Z exists such that ¢,(y) = (¢y(x))". If henZ, ¢py(y) =1,
then y e D(H)=x". If h¢gnZ, then g€ Z,0 <r <n exist such that h = ng+
r, ¢ (x") = ¢y (x?")py(x"), from which y € C,(x"), by Theorem 5.4, we have ({x}) C
@, C,(x"). The inverse inclusion is immediate. |

Theorem 5.6. If H is a y-cyclic and y-complete then it is commutative.
Proof. 1t follows immediately from Theorem 4.1. O

Theorem 5.7. Let H be a y-cyclic and y-complete hypergroup s-generated from h and
cycle(h) = r, then H is a join space.

Proof. It follows from Corsini and Leoreanu (2003, Theorem 284) and
Corollary 5.3. 0

Definition 5.8. If H is a y-cyclic semi-hypergroup we call the cyclicly of H the
max{cycl(a) | a € H} and we denote it cyclic(H).

Theorem 5.9. If H is a cyclic semi-hypergroup with a generator h such that
cycle(h) = 2 and cyclic(H) = m, then H = h™ = D(H).

Proof. It similarly follows from Corsini and Leoreanu (2003, Theorem 287). [

Theorem 5.10. Let H be a y-cyclic and y-complete hypergroup s-generated from h
and cycle(h) = r, then H = @;_, h'.

Proof. 1If r =2 it follows from Theorem 5.9. Let r> 2, from Theorem 4.1
and Corsini and Leoreanu (2003, Theorem 285) one has h'~! = D(H), for this
reason P,(h) divides r — 1, if there where P, (h) = s < r — 1, then #* = D(H), from
which i € h* o h = h**! with s + 1 < r, which is absurd because cycle(h) = r. Thus
P,(h) =r —1. By Theorem 5.5 one has H = EB:;II C,(h"), but C,(h) = h" and for
every 11 1 <1 <r—1, one has C,(h') = h'. For this reason H = @;_, h'. O
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